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1. INTRODUCTION
Let G be a finite group. Let k be an algebraically closed field of prime
 characteristic p. In 1 , Broue has made a conjecture concerning the´
derived categories of blocks of finite groups.
Ž  .Conjecture Broue 1, 6.2 Question; 2, 4.9 Conjecture . Let P be a´
Sylow p-subgroup of G. If P is abelian, then is it true that the principal
Ž .p-block of G and the principal p-block of N P are derived equivalent?G
The conjecture has been checked for the cases of blocks of p-solvable
 groups, certain blocks of finite reductive groups 13 , blocks with cyclic
 defect groups 15, 18, 19 , principal 3-blocks with elementary abelian defect
Ž  .group of order 9 for example, 7, 9 , defect 2 blocks of symmetric groups
  Ž n.  3 , the principal p-block of SL 2, p 4, 12, 18 , and the principal 2-block
 of the smallest Janko group 6 .
The purpose of this paper is to show the following.
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Ž 2 .THEOREM 1.1. Let G SU 3, q be the 3-dimensional special unitary
group oer the field with q2 elements where q is a power of some prime. Let k
be an algebraically closed field of characteristic r. We assume that r 5 and r
diides q 1. Let P be a Sylow r-subgroup of G. Then the principal blocks of
Ž .kG and kN P are deried equialent.G
For blocks of finite groups, Rickard introduced a stronger notion of a
 derived equivalence in 17 . This equivalence is called a splendid equiva-
lence. The equivalences in the cases stated before Theorem 1.1 are
Ž .splendid, and actually so is our case see Remark 5.5 .
 In Section 2 we explain results of Okuyama 9 and Gollan and Okuyama
 6 , which are important for a proof of our main theorem. In Section 3 we
Ž 2 .list known and needed results on r-local subgroups of SU 3, q and
structures of their blocks. In Section 4 we discuss the image of simple
modules under a stable equivalence between the principal blocks of G and
Ž .N P . In Section 5 using the results of Section 4 and applying the methodG
in Section 2, we prove our main theorem.
Let G be a finite group. Let k be an algebraically closed field of
characteristic p and A a finite dimensional k-algebra. Throughout this
paper, all modules are finitely generated right modules unless otherwise
bŽ .stated. We denote by K proj A the homotopy category of bounded
Ž .complexes of projective A-modules. We denote by B G the principal0
Ž .block of kG. Let V be a kG-module. We denote by P V the projective
cover of V and denote by V the dual of V. We consider V as a left
Ž . R R Ž R. kG-module. For a p-subgroup R of G, let Br V  V Ý Tr V ,R R  R R
where V R is the set of R-fixed points in V and Tr R : V R
 V R is theR
Ž . Ž . 4trace map. Let  G  g, g  gG 	GG, the diagonal subgroup
of GG.
For basic results on derived equivalences, splendid equivalences, and
 stable equivalences of Morita type, we refer to 1, 2, 8, 9, 14, 1619 .
2. PRELIMINARIES
Let k be an algebraically closed field of characteristic p. Let A be a
 Ž . 4finite dimensional symmetric k-algebra. We denote by S i  i I the set
Ž . Ž .of the simple A-modules and denote by P i the projective cover of S i .
Ž .Take a subset I of I. For i I
 I , let V i be the largest factor module0 0
Ž . Ž .  Ž . 4of P i such that each composition factor of V i lies in S j  j I
 I ,0
iŽ . Ž . Ž .and let   R i P i  V i  0 be a minimal projective resolution
Ž .of V i .
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For i I, let
  0 P i  0 0  if i IŽ . 0 P i Ž . i  0 R i  P i  0 0  if i IŽ . Ž . 0
Ž .  Ž .  Ž . and set P I  P i . Then P I is a tilting complex for A by a0 0i I
Ž  .result of Rickard see 9, Proposition 1.1 .
Ž Ž . . 1Ž .bSet A  End P I . Let P i be the projective indecompos-1 K Žproj A. 0
Ž .  Ž . able A -module corresponding to the direct summand P i of P I , and1 0
1Ž . 1Ž . 1Ž . Ž S i  P i Rad P i . Since A and A are derived equivalent see 14,1
. Ž .Theorem 6.4 , there exists an A, A -bimodule L which induces a stable1
Ž  .equivalence of Morita type between A and A see 16, Corollary 5.5 . In1
particular we may assume that the bimodule L has the following property.
Ž  . Ž . Ž .LEMMA 2.1 Okuyama 9, Lemma 2.1 . i For i I
 I , S i  L0 A
1Ž . S i in the stable category.
Ž . Ž . Ž .ii For i I let U i be the factor module of P i satisfying the0
following conditions.
Ž . Ž Ž ..  Ž . 4a each composition factor of Soc U i lies in S j  j I0
Ž . Ž Ž .. Ž .  Ž . 4b each composition factor of  U i S i lies in S j  j I
 I .0
Ž . 1Ž .Then U i  L S i in the stable category.A
Let A be a symmetric k-algebra which is stably equivalent of Morita
Ž  .type to A. Let N be an A , A -bimodule inducing this equivalence. We
assume that A and A have no semisimple part and that the set of the
  Ž . 4  simple A -modules is T i  i I . In 9 , Okuyama gave the following
method to prove that A and A are derived equivalent. We choose a
sequence of subsets I , I , . . . , I of I. Then we can define A 0 1 m1 l
Ž Ž . .bEnd P I for l 2, . . . , m inductively. Let L be anK Žproj A . l1 l1l1
Ž .A , A -bimodule which induces a stable equivalence of Morita typel1 l
Ž between A and A . Then since each A is symmetric see 16,l1 l l1
. Ž . Corollary 5.3 , we calculate T i  N L  L using LemmaA A A m1m 1
Ž . 2.1. If T i  N L  L is simple for all i I, then A andA A A m1m 1
 A are Morita equivalent by a theorem of Linckelmann 8, Theorem 2.1 ,m
so that A and A are derived equivalent.
Remark 2.2. If we can show existence of a derived equivalence between
A and A using the above method, then we can also construct a Rickard
complex for A and A whose degree zero term is isomorphic to a direct
Ž  .sum of N and a projective A , A -module and other terms are projective
Ž  . Ž  .A , A -modules see 10, Sect. 3 .
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Next let G be a finite group with abelian Sylow p-subgroup P and
Ž .  Ž .HN P . In order to apply the above method to the case A  B GG 0
Ž .and A B H , we recall a result on stable equivalences of Morita type0
 between these blocks discussed in 6, Sect. 1 .
Ž .Let Q be a fixed subgroup of P satisfying C Q QG , for someG 1
 subgroup G of G. Set H HG . For a k G H -module Z, we1 1 1 1 1
˜  Ž .Ž .denote by Z the k  Q G H -module which is equal to Z as a1 1
˜  Ž .k G H -module and the action of  Q is trivial on Z. For complexes1 1
  0of k G H -modules we use the same notation. Let X be the Green1 1
Ž . Ž Ž . .correspondent of B G with respect to GG,  P , GH .0
Ž PROPOSITION 2.3 Gollan and Okuyama 6, Proposition 1.6, Lemma 1.7,
.and Corollary 1.8 . Assume the following.
Ž . Ž 0.i For R P and R Q, the bimodule Br X induces aH Ž R.
Ž Ž .. Ž Ž ..Morita equialence between B C R and B C R .0 G 0 H
Ž .  Ž . Ž .ii For 1Q 	Q, C Q N Q .G G
Ž .iii There exists a splendid tilting complex
Z  : 0 Z1  Z 0 0
Ž Ž . Ž ..of B G , B H -modules satisfying0 1 0 1
Ž .   0 Ž .a The k G H -module Z is the Green correspondent of B G1 1 0 1
Ž Ž . .with respect to G G ,  Q , G H , where Q is a Sylow p-subgroup1 1 1 1 1 1
of H and G .1 1
Ž .   1b The k G H -module Z is projectie.1 1
Ž . Ž .Then B G and B H are stably equialent of Morita type.0 0
 The k GH -module N which induces a stable equivalence of Morita
Ž . Ž . type between B G and B H is constructed as follows. We set Y 0 0
˜CG ŽQ .CH ŽQ . Z . Then the complex Y is a splendid tilting complex be-
Ž Ž .. Ž Ž .. Ž  . 1tween B C Q and B C Q see 6 . Let Y be the degree 10 G 0 H
term of Y , and let X1 be the Green correspondent of Y1 with respect
Ž Ž . Ž . Ž ..to GH,  Q , C Q  C Q . Then we can obtain the complexG H

 1 0  Ž .X : 0 X X  0 satisfying Br X  Y , and we define theŽQ .
desired bimodule N by the exact sequence
tŽ . , 1 00 X X  proj N 0. 1Ž . Ž .
DERIVED EQUIVALENCES FOR UNITARY GROUPS 255
Ž 2 .3. r-LOCAL STRUCTURES OF SU 3, q
t2 2Ž .  Ž .In the rest of this paper, let G SU 3, q  A SL 3, q  A  A
4 2I , the 3-dimensional special unitary group over the finite field with q
elements. Let r 5 be a prime which divides q 1. In particular let r a be
Ž . athe r-part of q 1 and s q 1 r . Let k be an algebraically closed
field of characteristic r.
Let
x 0 01
0 x 0h x , x , x  ,Ž . 21 2 3  00 0 x3
where x q1  1 for i 1, 2, 3 and x x x  1.i 1 2 3
 Ž . r a 4Then P h x , x , x  x  1, i 1, 2, 3 is a Sylow r-subgroup of G1 2 3 i
 Ž . q1 4a aand P Z  Z . Let C h x , x , x  x  1, i 1, 2, 3 , andr r 1 2 3 i
0 1 0 0 1 0
u and   .1 0 0 0 0 1ž / ž /0 0 1 1 0 0
Then,
C C P  Z  Z andŽ .G q1 q1
² :N P  C , u ,   Z  Z  S .Ž . Ž .G q1 q1 3
Ž .We set HN P .G
Ž .  Ž 2 . r a 4 aLEMMA 3.1. i Let Q h x, x, x  x  1 . Then Q Z andr
A 01 2 2C Q  A A U 2, q , det A  1 U 2, q .Ž . Ž .Ž . Ž .G 1 1½ 5ž /0 
Moreoer let
A 01 sG  A  C Q    1 .Ž .1 G½ 5ž /0 
Ž .Then C Q QG .G 1
Ž . Ž . Ž .ii For 1 R	 P and R Q, we hae C R  C R  C.H G H
Ž .  Ž . Ž . Ž . Ž .iii For 1Q 	Q, we hae N Q  C Q  C Q N Q .G G G G
We set H G H. Since a Sylow r-subgroup Q of G is cyclic of1 1 1 1
a Ž . Ž .  order r , B G and B H are splendidly equivalent by 19 .0 1 0 1
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Ž .LEMMA 3.2. Let k and U be the simple B G -modules and let kG 0 1 H1 1
 Ž .and 1 be the simple B H -modules, where dim U q 1. There exists a0 1
 splendid tilting complex of k G H -modules of the form1 1
  00 P U  P 1  Z  0,Ž . Ž .
0 Ž . Žwhere Z is the Green correspondent of B G with respect to G G ,0 1 1 1
Ž . . Q , G H .1 1 1
Ž .Next we describe the basic algebra structure of B H . We can choose0
the generators  and 	 of kP such that
 u  	 , 	 u   ,    
 , 	   
 2	 ,
3 Ž .Ž 2 . Ž .Žwhere 
 1 and 
  1. Set e  1 u 1  6, e  1 u 10 1
2 . Ž 2 2 .  6, e  1 
   
 3, and e e  e  e . Set x 2 0 1 2 i
e  e , y  e 	e for i 0, 1 and z e  ue .i 2 i 2 i 2 2
 LEMMA 3.3 11, Lemma 3.5 . The elements e , e , e , x , x , y , y , and0 1 2 0 1 0 1
Ž . Ž .z generate the basic algebra eB H e of B H and satisfy relations x y  0,0 0 0 1
x y  0, y x  y x  z 2, and1 0 0 0 1 1

a Ž .if r 	 1 mod 3 then
zz Ž r
a1 .3  0	
z Ž r
a1 .3 y  0, i 0, 1	 i
x z Ž r
a1 .3  0, i 0, 1i 

a Ž .if r 	 2 mod 3 then
z Ž r
a2 .3 y x  y x  0Ž .	 0 0 1 1
zz Ž r
a2 .3 y  0, i 0, 1	 i
x z Ž r
a2 .3z 0, i 0, 1,i 
Ž . Ž .where z  z y x  y x and z  y x  y x z. 0 0 1 1 	 0 0 1 1
Ž .We denote by k , 1 , and 2 the simple B G -modules correspondingH H H 0
Ž .to the idempotents e , e , and e , respectively. Let S Q be the Scott0 1 2 H
module in H corresponding to Q.
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Ž .   Ž .LEMMA 3.4. i 11, Lemma 3.2 . The Scott module S Q has theH
following Loewy and socle series
k 2 H H
2 1H H
k 2H H
,. .. .. .
2 1H H k 2H H
where the Loewy length is r a.
Ž . Ž . Ž . Ž . Ž .ii Let  ,  : S Q  P k  P 2 be an injectie hull map-0 0 H H H
1HŽ . Ž .ping of S Q . Then ker  and ker   k .2H 0 0 HH
Ž . Ž .iii The Cartan matrix of B H is0
r a  1 r a  2 6 r a r a  1 r a  2 6Ž . Ž . Ž . Ž .
a a a a ar  1 r  2 6 r  1 r  2 6 rŽ . Ž . Ž . Ž .
a a a a a a r  1 r  2 3 r  1 r  1 r  2 3 r  1Ž . Ž . Ž . Ž .
r a  1 r a  2 3 r a  1Ž . Ž .
a a ar  1 r  2 3 r  1Ž . Ž . .
a a a 02 r  1 r  2 3 2 r  1Ž . Ž .
Ž .Proof. ii Since there is no uniserial module whose Loewy layers are
2 2H H
1 kor ,H H 0  02 2H H
there are not any submodules of Loewy length 3 with a simple socle in
Ž .S Q . Since ker  ker   0, these modules have a simple socle. ThisH 0 0
Ž .means that the Loewy length of both modules are 2 at most. So ii follows.
4. STABLE EQUIVALENCES
Ž .In this section we discuss the image of simple B G -modules under the0
Ž . Ž .stable equivalence between B G and B H .0 0
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Ž .We denote by k , S, and T the simple B G -modules, where dim SG 0 k
2 Ž .Ž 2 . Ž  .q  q and dim T q 1 q  q 1 see 5, 11 . The Green corre-k
Ž .  spondent f S of S is determined in 11 .
Ž .  LEMMA 4.1. i 11, Proposition 3.6 . There is an exact sequence
20 S Q k  k  f S  0,Ž . Ž . Ž .H H H
Ž .where f S is the Green correspondent of S.
Ž . Ž . Ž a .Ž a . 4ii The composition factors of f S are r  1 r  5 6  k H
Ž a .Ž a . 4 Ž a .Ž a . 4r  1 r  1 6  1  r  1 r  2 3  2 .H H
Ž . Ž . Ž Ž ..iii f S Rad f S  1 .H
Ž . Ž . Ž .iv The natural inclusion  f S  P 1 induces an isomorphismH
Hom 1  S Q ,  f S Hom 1  S Q , P 1 .Ž . Ž . Ž . Ž .Ž . Ž .k H H H k H H H H
Ž .Proof. In this proof, we use the same notation for B H -modules and0
Ž . Ž . Ž . Ž . Ž . Ž .eB H e-modules. So P k  e B H e, P 1  e B H e, and P 20 H 0 0 H 1 0 H
Ž . e B H e.2 0
Ž . Ž .ii Since the top of  k is isomorphic to 2 , we get this directlyH H
Ž .by Lemma 3.4 iii .
Ž . Ž . Ž .iii Using  in Lemma 3.4 ii , we can see S Q k as a submod-0 H H
Ž .ule of P 2 . We setH
z Ž r
a1 .3 , r a	 1 mod 3Ž .
 aŽ r 2.3 a½ z z , r 	 2 mod 3 .Ž .
  2Ž . ² :From the proof of 11, Proposition 3.6 , we know  k  y ,  . SinceH 1
1Ž . ² : ² : Ž a . 1  y , the Loewy length of y is 2 r  1 . From Lemma 3.4H 1 1
Ž . 2Ž . ² : Ž 2Ž .. Ž² :.iii ,  k  y  2 . So Rad  k Rad y . In particular,H 1 H H 1
r a2 Ž 2Ž .. r a2 Ž² :. r aŽ² :. 2Ž .Rad  k Rad y  Soc y . Since  k H 1 1 H
r aŽ Ž .. r aŽ 2Ž ..Soc P 2  Soc  k ,H H
2 r a2 2 ² : r a2 ² : k Rad  k  y Rad y  2Ž . Ž . Ž .Ž .H H 1 1 H
 P 1 Radr a2 P 1  2 .Ž . Ž .Ž .H H H
Ž . r a2 Ž Ž ..Denote P 1 Rad P 1 by V. Since the Loewy length ofH H
Ž . a Ž . ² : r a2 Ž² :.S Q is r , we have ker   y  Rad y . ThereforeH 1 1
Ž . r a2 Ž Ž .. Ž 2Ž .. Ž r a2 Ž 2Ž ...f S Rad f S    k  Rad  k  V X whereH H
2 if kerRadr a2 2 kŽ .Ž .H HX ½ 0 else.
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Ž . aSince the Loewy length of S Q is r ,H
dim Hom V , S Q  1  S QŽ . Ž .Ž .Ž .k H H H H
 dim Hom P 1 , S Q  1  S Q  2.Ž . Ž . Ž .Ž .Ž .k H H H H H
Ž .The number of composition factors which are isomorphic to 1 of S QH H
Ž Ž .. a Ž . Ž Ž .. 1  S Q are r . Since S Q  1  S Q is a direct summandH H H H H
of k H, we getQ
dim Hom V , k HŽ .k H Q
 dim Hom P 1 , S Q  1  S Q  2 r a  2.Ž . Ž . Ž .Ž .Ž .k H H H H H
  Ž .From the proof of 11, Proposition 3.6 , f S is isomorphic to a directQ
a Ž .sum of r  2 copies of  k . Therefore we haveQ
r a  2 dim Hom f S , kQŽ .Ž .QkQ
 dim Hom f S , k HŽ .Ž .k H Q
 dim Hom f S Radr a2 f S , k HŽ . Ž .Ž .Ž .k H Q
 dim Hom V , k H  dim Hom X , k HŽ . Ž .k H Q k H Q
 r a  2 dim Hom X , k H .Ž .k H Q
Ž .So we get X 0 and iii follows.
Ž .Let L be a subgroup of H such that Q	 L and L Z  Z  Z .q1 s 2
 H Ž .Then 1  1  S Q for 1-dimensional simple kL-module 1 . SinceL H H L
Ž . Ž a . Ž . Ž .f S  r  2  k , the kL-module f S has no non-zero projec-Q Q  L
tive summand. In particular the sequence
0 f S  P 1  f S  0Ž . Ž . Ž . L  L LH
Ž .is a minimal injective resolution of  f S . Hence L
Hom 1  S Q ,  f S Hom 1 ,  f SŽ . Ž . Ž .Ž . Ž . Lk H H H k L L
Hom 1 , P 1Ž .Ž . Lk L L H
Hom 1  S Q , P 1Ž . Ž .Ž .k H H H H
Ž .and iv follows.
Ž . Ž .By Lemmas 3.1, 3.2, and Proposition 2.3, B G and B H are stably0 0
equivalent of Morita type. Let X1 be the Green correspondent of
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  C ŽQ .C ŽQ .G H Ž Ž . Ž .P U  P 1 with respect to G H,  Q , C Q Ž . Ž . G
Ž .. ŽC Q . Let N be the bimodule inducing the equivalence defined by theH
Ž .. Ž . Ž . 1sequence 1 . We set h S  S N and g S  S X . ThenB ŽG . B ŽG .0 0
there is an exact sequence
0 g S  f S  proj  h S  0. 2Ž . Ž . Ž . Ž . Ž .
  Ž .From 6, Lemma 1.9 and Lemma 3.2, the kH-module g S is a direct
Ž Ž . Ž  .. Hsummand of S P U  P 1 .kG k1
Ž . Ž .LEMMA 4.2. S P U  k .kG Q1
Ž Ž ..Proof. Let f be the block idempotent of B C Q . We know that0 0 G
Ž . Ž .the kQ-module S  f is isomorphic to q 1 copies of  k and that0Q Q
Ž a .the composition factors of the kG -module S  f are r  1 U by1 0G1
Ž .direct calculations. Therefore, since dim U q 1 and Soc S  f is ak 0Q
Ž .kG -submodule of S  f , we have Soc S  f U. Then since1 0G 0Q1
Ž . Ž Ž . .S  P U  Hom P U , S as a kQ-module, we havek G k G1 1
Ž . adim S P U  r  1 andkG1
Soc S P U  Hom P U , S  Im 	 Soc S  fŽ . Ž .Ž . Ž . 4Ž .kG kG 0Q1 1
Hom P U , Soc S  fŽ . Ž .Ž .kG 0Q1
Hom P U , U  k .Ž .Ž .kG Q1
Ž . Ž .This implies that S P U  k .kG Q1
Ž . Ž Ž .. H Ž .Therefore we have  g S  k  P 1  1  S Q and weQ H H
consider the following exact sequence
tŽ . ,  
0 g S  f S  Rh S  0, 3Ž . Ž . Ž . Ž .
where R is a projective kH-module.
kHŽ . Ž .LEMMA 4.3. ker , ker  1 ,  f S Im  k .2 H HH
tŽ . Ž . Ž . Ž .Proof. Let  ,  : 1  S Q  P 1  P 2 be an injective hull0 0 H H H H
Ž . Ž .mapping of 1  S Q . We set M  Im  and M f S . It followsH H 0 0
Ž .from Lemma 4.1 iv that M M. Moreover we have MM  k by0 0 H
Ž . Ž . Ž Ž ..Lemmas 3.4 iii and 4.1 ii . Let  End 1  S Q such thatk H H H
2Ž Ž ..ker  Soc 1  S Q . Since ker  ker  by Lemma 3.4, the ho-H H 0
momorphism  induces a homomorphism  : M M . Thus we have a0 0 0
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commutative diagram
0 Ž .1  S Q MH H 0

 0
0 Ž .1  S Q M .H H 0
n Ž Ž . . Ž aWe set     Hom 1  S Q , M , for n 1, 2, . . . , r n 0 k H H H 0
. Ž Ž .1 2. Then      . We can consider  Hom 1  S Q ,0 n n n k H H H
.  Ž a . 4 ŽM . Note that   n 0, 1, 2, . . . , r  1 2 is a k-basis of Hom 1 n k H H
Ž . . Ž .S Q , M . We also consider  as a homomorphism from M to P 1 .H 0 0 H
Ž .Then  is extendible to a kH-homomorphism from M to P 1 . We0 H
denote it by . We claim that Im M. We put M  Im 
M . Suppose Im  M and M   M. Then M   M  M and0 0 0
Ž  . Ž Ž . .M M M  k  k . However, Soc P 1 M is a direct summand0 H H H 0
Ž Ž . .of Soc P 1 M  k  1  k , which is a contradiction. ThereforeH H H H
Im M or M M, that is, Im M. Hence we have the commuta-0
tive diagram




Ž .1  S Q M .H H n
Ž .In the sequence 3 , suppose Im  Im  . Then  must be a mono-0
Ž Ž ..morphism since ker Soc 1 S Q . Therefore there exists  H 1
Ž .End R such that     . Note that  is a linear combination ofk H 1
 4  n 1 . Hence we have the following commutative diagramn
tŽ . ,    




tŽ . ,    
Ž . Ž .1  S Q0 M R h S 0H H
 0Ž . Ž Ž . Ž .. Ž .where  . Since Hom h S , h S Hom S, S  k˜ 0 1 B Ž H . B ŽG .0 0
and  is not an isomorphism,  is a projective homomorphism. Therefore
Ž . Ž .there exists a kH-homomorphism   ,  : M R 1  S Q1 2 H H
tŽ . r aŽ . r aŽ .such that   ,    . Since Im  Soc R and ker  Rad R 2
r a1Ž . Ž Ž .. r a1ŽSoc R , we have Im    Soc 1  S Q  Rad 1 2 H H H
Ž .. Ž .S Q . On the other hand, we have Im  Im   since ker  ker .H 1
Ž . Ž . Ž .Hence Im      Im    Im    Im  ; this is a con-1 2 1 2
tradiction. Therefore we have Im  Im  . Hence by Lemmas 3.4 and0
kHŽ . Ž .4.1, ker and MIm  k , and so R P 2 . It follows from2 H HH
Ž .the structure of 1  S Q that ker  1 .H H H
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Ž . Ž .LEMMA 4.4. The module h S has a submodule W such that h S W
1 kHŽ . k and W .2H H
Ž .Proof. We set Y 1 S Q and Y  ker  ker Y. We also setH 1
tŽ .Ž . Ž . ,  Y M M , where M  f S , M  R. The kH-homomor-1 1 2 1 2
t tŽ . Ž . Ž .phism  ,  induces a kH-homomorphism  ,  : YY  f S M 1 1
RM . We note that  and  are both monomorphisms. Therefore there2
exists an isomorphism  : Im  Im  such that   . Then we have
the following commutative diagram with exact rows
Ž . k ,  Ž . , id H1   0 YY Im M  RM  01 1 2 ž /2H
Ž . ,    
Ž . Ž .YY0  f S M  RM h S 0.1 1 2
1 kHŽ . Ž .So we have  h S and2H
kH1h S    f S M  RM  ImM  RM  k .Ž . Ž . Ž .Ž .1 2 1 2 Hž /2H
Ž . Ž .Remark 4.5. i We easily see k  N k , since k  P UG B ŽG . H G kG0 1
 0.
Ž .ii We do not have any information about the Green correspondent
Ž .of the simple B G -module T. However, we know that0
S
T
2 S k Ž .G
kG 0
S
 Ž .from 11, Lemma 3.4 3 . Therefore we consider the complex
S
 2kX : 0  k  S 0Ž .GT G 0S
Ž  .instead of the simple module T note that X  T in the derived category .T
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5. PROOF OF THEOREM 1.1
Ž . Ž .Let A  eB H e be the basic algebra of B H . Set0 0 0
0 0 0 0  4P i  e A and S i  P i Rad P i for i I 0, 1, 2 .Ž . Ž . Ž . Ž .i 0
 4  4  4We choose subsets I  1, 2 , I  1 , and I  1, 2 of I, and define0 1 2
Ž Ž . .bA  End P I inductively as in Section 2.l K Žproj A . l1l1
In this section we give a proof of Theorem 1.1. In fact, it suffices to
prove the following lemma.
Ž .LEMMA 5.1. B G and A are Morita equialent.0 3
For l 1, 2, 3, we use the following notation. We denote by L thel1
Ž .A , A -bimodule which induces a stable equivalence of Morita typel1 l
l1Ž . between A and A as in Section 2. For i I, we denote by P i thel1 l
Ž . direct summand of the tilting complex P I for A , and denote byl1 l1
lŽ . lŽ .P i the corresponding projective indecomposable A -module and S i l
lŽ . lŽ .P i Rad P i . If the A -modules U and U are isomorphic in the stablel 1 2
category then we write U 	U .1 2
l1Ž . To show Lemma 5.1, we investigate the form of the complex P i ,
Ž .the image of the simple B G -modules via the functor  N L0 B ŽG . A 00 0
  L and some information on extensions of simple A -mod-A l1 ll1
ules for each l 1, 2, 3.
Ž . 0Ž . LEMMA 5.2. i The complex P 0 has the form
x00 0 0P 0 :   0 P 2 P 0  0  .Ž . Ž . Ž .
S1 0Ž .Ž . Ž . Ž .ii h S  L 	 .1A 0 S 20 Ž .
Ž .iii It holds
1, i 01 1 1dim Ext S i , S 1 Ž . Ž .Ž .A ½1 0, i 1, 2.
Ž .Proof. i This follows from Lemma 3.3.
1 S0 0Ž .Ž . Ž .ii From Lemma 3.3, we can easily check that  satis-0S 2Ž .
Ž . Ž . Ž .fies the conditions a and b of Lemma 2.1 ii . Therefore we have
1 S0 0 1Ž .Ž . Ž .  L 	 S 2 . Therefore this follows from Lemma 4.4.0 A 0S 2 0Ž .
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Ž . 1Ž 0Ž .. 1Ž .iii We have  S 1  L 	 S 1 by Lemmas 2.1 and 3.3.A 00
Hence
Ext1 S1 0 , S1 1  Ext1 S0 0 , 1 S0 1Ž . Ž . Ž . Ž .Ž . Ž .Ž .A A1 0
Hom 2 S0 0 , S0 1  kŽ . Ž .Ž .Ž .A0
Ext1 S1 1 , S1 1  Ext1 S0 1 , S0 1  0Ž . Ž . Ž . Ž .Ž . Ž .A A1 0
S0 0Ž .1 1 1 1 0Ext S 2 , S 1  Ext , S 1Ž . Ž . Ž .Ž .A A 01 0 ž /ž /S 2Ž .
S0 0Ž . 0Hom  , S 1  0.Ž .A 00 ž /ž /ž /S 2Ž .
Ž . 1Ž .  1Ž . LEMMA 5.3. i The complexes P 0 and P 2 hae the forms
1 1 1P 0 :   0 P 1  P 0  0 Ž . Ž . Ž .
1 1 1P 2 :   0 c P 1  P 2  0  ,Ž . Ž . Ž .
where c is a non-negatie integer.
S2 0Ž .Ž . Ž . Ž .ii h S  L  L 	 .2A 0 A 1 S 20 1 Ž .
Ž .iii It holds
0, if i 01 2 2dim Ext S 0 , S i Ž . Ž .Ž .A ½2 1, if i 2.
Ž . Ž . 1Ž 1Ž .. 1Ž .Proof. i By Lemma 5.2 iii we have  S 1  P 0 . Let b i j
Ž 1Ž . 1Ž .. Ž a .Ž a . adim Hom P i , P j . Then b  r  1 r  2 6 r  1 andA 101
Ž a .Ž a . a Ž . Ž .b  r  1 r  2 6 r by Lemmas 3.4 iii and 5.2 i . Hence11
1Ž . 1Ž 1Ž .. 1Ž .P 0  S 1 does not contain S 1 as a composition factor. There-
1Ž . fore the assertion for P 0 follows.
Ž . Ž .ii This follows from Lemmas 2.1 and 5.2 ii .
Ž .iii By Lemma 3.3 we have
Ext1 S2 0 , S2 0  Ext1 S0 0 , S0 0  0Ž . Ž . Ž . Ž .Ž . Ž .A A2 0
S0 0Ž .1 2 2 1 0 1Ext S 0 , S 2  Ext S 0 , Ž . Ž . Ž .Ž .A A 02 0 ž /ž /S 2Ž .
S0 0Ž .2 0Hom  S 0 ,  k .Ž .Ž .A 00 ž /ž /S 2Ž .
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Ž . 2Ž . LEMMA 5.4. i The complex P 0 has the form
2 2 2 2P 0 :   0 P 2  d P 1  P 0  0  ,Ž . Ž . Ž . Ž .
1 Ž 2Ž . 2Ž ..where d dim Ext S 0 , S 1 .A2
Ž . Ž . 3Ž .ii h S  L  L  L 	 S 2 .A 0 A 1 A 20 1 2
Ž .iii It holds
0 if i 0
1 2 3dim Ext S i , S 0 Ž . Ž . d if i 1Ž .A3 ½ 1 if i 2.
Ž . 3Ž . 2 Ž 3Ž ..iv The multiplicity of S 1 as a composition factor of  S 0
is 1.
Ž . Ž .Proof. i This follows from Lemma 5.3 iii .
Ž .ii We have
S2 0 S2 0Ž . Ž .2 1 1 2Hom S 0 ,   Ext S 0 ,  0Ž . Ž .A A2 22 2ž / ž /ž / ž /S 2 S 2Ž . Ž .
Ž .by Lemma 5.3 iii . Therefore we have
h S  L  L  L 	1 h S  L  L  LŽ . Ž .Ž .A 0 A 1 A 2 A 0 A 1 A 20 1 2 0 1 2
S2 0Ž .1 3	  L 	 S 2Ž .A 22 2ž /ž /S 2Ž .
Ž .by Lemmas 2.1 and 5.3 ii .
Ž . Ž .iii This follows from the similar calculations to Lemma 5.2 iii .
Ž . Ž .iv From iii we have an exact sequence
01 S3 0  P 3 2  d P 3 1 2 S3 0  0.Ž . Ž . Ž . Ž .Ž . Ž .
Ž 2Ž . 2Ž .. Ž 3Ž . 3Ž ..Let c  dim Hom P i , P j and d  dim Hom P i , P j .i j A i j A2 3
Then c  b  b  1 and so d  c  d  c  1, d  c and10 11 10 10 12 11 11 11
3Ž .d  c . Therefore the multiplicity of S 1 as a composition factor of12 12
2 3Ž Ž .. S 0 is d  d  d  d  1.12 11 10
Proof of Lemma 5.1 and Theorem 1.1. By a theorem of Linckelmann 8,
 Ž Ž . .Theorem 2.1 , the B G , A -bimodule N L  L  L has a0 3 A 0 A 1 A 20 1 2
unique indecomposable non-projective direct summand N, which induces a
Ž .stable equivalence of Morita type between B G and A . We have0 3
KUNUGI AND WAKI266
3Ž . 3Ž .already seen S N S 2 . Moreover we know k  N S 0B ŽG . G B ŽG .0 0
Ž .from Remark 4.5 i and the choice of subsets I , I , and I of I. Hence we0 1 2
also know that the top and socle of T N are direct sums of someB ŽG .0
3Ž .  Ž .copies of S 1 . We consider the complex X in Remark 4.5 ii and applyT
 N to X  . Then we have the complexB ŽG . T0
S3 2Ž .
tŽ . Ž . ,   , 1 2 1 22 3 33  0  S 0  V S 2  0,S 0 Ž . Ž .Ž . Ž . 03S 2Ž .
where V is a projective A -module. Note that  is monic and  is epic.3 1 1
Moreover we may consider  and  are both zero. Thus the complex2 2
S3 2Ž .
 1 12 3 330  S 0 S 2  0S 0 Ž . Ž .Ž . Ž . 03S 2Ž .
is a direct summand of the complex X   N. Therefore it follows fromT B ŽG .0
Ž . 3Ž .Lemma 5.4 iv that T N has only one copy of S 1 as a composi-B ŽG .0
3Ž .tion factor. So we have T N	 S 1 . Hence the bimodule N sendsB ŽG .0
Ž .each simple B G -module to a simple A -module, so that N induces a0 3
Ž .  Morita equivalence between B G and A by 8, Theorem 2.1 . Therefore0 3
Ž . Ž .we can conclude B G and B H are derived equivalent.0 0
2 Ž 3Ž ..From the above proof, the composition factors of  S 0 must be
3Ž . 3Ž . 3Ž .S 0  S 1  3 S 2 . Hence we have c 2 and d 0 by calculating
the Cartan matrices of A and A .2 3
Ž Ž .Remark 5.5. From Remark 2.2 and the definition of the B G ,0
Ž .. Ž Ž ..B H -bimodule N see the sequence 1 , we can also conclude that0
Ž . Ž .B G and B H are splendidly equivalent.0 0
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